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below, for the a tom 09 is a t  y = ¼ ,  and  it would 
therefore lie over a t rough if the  second layer  were 
undisplaced with respect to the first. In  these circum- 
stances the h06 reflexions would indicate a spacing of 
7.3 A instead of twice this. I f  01 lies over the troughs,  
however,  a l te rnate  layers must  suffer a relative dis- 
p lacement  of b/12 so t ha t  a c~ type  of latt ice will be 
produced, in accordance with the observations.  The 
fur ther  al ternat ive,  t ha t  the 01 and 02 a toms might  
both lie a t  the same level and at  positions midway 
between the crests and t roughs of the layer below, 
can also be ruled out. This would introduce the  pos- 
sibility of equivalent  relat ive shifts of +b/24 in each 
layer, and would therefore lead to extinction of the 
h/c0 reflexions except  for k = 12n. 

Since the chrysotile layers m a y  be expected to have 
a plane of s y m m e t r y  perpendicular  to the b axis, 

there is no possibility of a fur ther  polymorph related 
to para-chrysoti le  in the  same way as clino-chrysotile 
is related to ortho-chrysotile.  

I wish to t hank  the Directors of Ferodo Ltd  for 
permission to publish this paper.  
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This paper deals with problems arising from the method of isomorphous replacement with heavy 
atoms in crystalline proteins. I t  is assumed that  a series of isomorphous compounds is available, 
with the heavy atoms occupying different positions in each compound. The problems which arise 
are twofold. The first is the determination of the position of the heavy atoms in each compotmd 
separately, and the second consists in finding their relative positions in different compounds. If  
centrosymmetric projections are available, both problems can be solved with the help of Fourier 
series using ( IFHI-  IFI)5 as coefficients, FH and F being the structure factors of the protein-heavy- 
atom compound and of the protein respectively. In the absence of eentrosymmetric projections the 
positions of the heavy atoms can be found in each compound separately by means of Fourier series 
using (JFHI 2-  I FI ~) as coefficients and employing a special device to remove the ambiguities inherent 
in such syntheses. When this has been done, the relative positions of the heavy atoms in different 
compounds can be found with the help of one of two possible correlation functions. One is a Fourier 
series using the products A1A 2 as coefficients, A 1 and A s being the real parts of the structure factors 
of the heavy-atom-free compound, referred to the different heavy-atom positions, or the centres 
between them, as origins. The other function is a Fourier series using the products 

[(IFHll 9 --IFI 2) (IFH21 ~- --IF] 2)] 

as coefficients, FRI, FB2 and F referring respectively to two different heavy-atom compounds 
and to the pure protein. The correlation functions are tested on a hypothetical case and are shown 
to give satisfactory results. 

1. I n t r o d u c t i o n  

Isomorphous  replacement  with heavy  atoms is a 
method  of phase de terminat ion  commonly used in the  
s t ruc ture  analysis of organic compounds.  In  proteins 

this method was first  applied by  Green, Ingra in  & 
Perutz  (1954), but  was confined to the determinat ion 
of the signs of reflexions with real s t ructure  amplitudes.  
On account  of their  optically active na ture  all proteins 
crystallize in non-centrosymmetr ic  space groups, so 
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tha t  real structure amplitudes are encountered only 
in eentrosymmetric projections. Experience with hae- 
moglobin (Bragg & Perutz, 1954) and myoglobin 
(Kendrew, Dintzis & Bodo, 1956) has shown that  such 
projections do not give sufficient information, and 
tha t  three-dimensional electron-density maps will have 
to be prepared, involving the measurement of the 
phase angles of complex structure amplitudes by 
direct methods. 

Bokhoven, Schoone & Bijvoet (1951) have envisaged 
the possibility of solving non-centrosymmetric struc- 
tures directly by using a series of three isomorphous 
crystals, one crystal containing the compound under 
investigation by itself, the second containing the same 
compound with heavy atoms H 1 attached at x l, Yz, zl 
and symmetry-related positions, and the third having 
heavy atoms H9 attached at different sites xg, y~, z2 
and symmetry-related positions. In order to apply 
this method of analysis the positions of the heavy 
atoms must first be found relative to some arbitrarily 
chosen origin in each of the isomorphous crystals, 
and then the positions of these origins relative to each 
other must be determined. 

In the structure analysis of organic compounds of 
medium molecular weight the heavy atoms can usually 
be found by straightforward Patterson methods, and 
the question of origin is unlilcely to arise, because 
some parts of the molecular structure will usually have 
been solved as a result of the first isomorphous replace- 
ment, thus providing suitable reference points for 
locating the heavy atoms in the second replacement. 
In proteins this is unlikely to happen and special 
methods therefore have to be devised to cope with 
these problems. 

In  centrosymmetric projections of proteins the vec- 
tors between heavy atoms can be found by using dif- 
ference Pattersons with (IFRI-IF]) ~ as coefficients, 
FH and F being the structure amplitudes of the 
protein-heavy-atom compound and of the protein 
respectively (Green et al., 1954). In  non-centro- 
symmetric projections or in three dimensions the only 
kind of difference Patterson available is one with 
]FB] 9 -  IF] 9 as coefficients; this gives ambiguous results 
due to the appearance of two kinds of vector peaks: 
those due to interaction between the heavy atoms 
themselves, and those due to interaction between the 
heavy atoms on the one hand and electron-density 
peaks in the protein on the other hand. This paper 
contains a suggestion for distinguishing between the 
two kinds of peaks. 

However, even when the vectors between the heavy 
atoms have been found in each of the isomorphous 
compounds, the absence of intersecting symmetry  
axes may leave the origin of the vectors indeterminate, 
so tha t  the relative positions of the heavy atoms in 
the two isomorphous compounds remain unknown. 
Harker (1956) has discussed a way of solving this 
problem by trial, using the observed intensity changes 
in a number of selected reflexions. In actual practice, 

however, accurate parameters might be difficult to 
obtain by any method in which the number of re- 
flexions used is necessarily small, on account of the 
substantial errors to which individual intensity mea- 
surements tend to be subject, due to imprecise iso- 
anorphism and other causes. These considerations led 
the author to search for some method in which the 
accuracy of the heavy-atom parameters would be as- 
sured by the large number of terms used, regardless 
of random errors in individual intensity measurements. 
Moreover, there is the possibility of employing groups 
of heavy atoms for isomorphous replacement in pro- 
teins. The relative positions of two such groups in 
different members of an isomorphous series would be 
easier to find by a vector method employing many 
terms, rather than a method of trial employing only 

few. The following gives a description of two khlds 
of correlation function which should serve to deter- 
mine the relative co-ordinates of heavy atoms in dif- 
ferent crystals with a high degree of accuracy. 

2. Isomorphous replacement by a single heavy 
atom in the asymmetric unit 

Consider a triclinic crystal belonging to the space group 
P1 and having one protein molecule in the unit cell. 
The protein molecule contains the electron-density 
peaks P. In addition we have the two isomorphous 
compounds, one with a heavy metal H 1 at xl, gl, zl 
and the other with H9 at  x~, y~, z~. Their structures 
are shown in Fig. 1 (a) and (b). We now call the struc- 
ture factors of the metal-free protein F,  and those of 
the two heavy-metal compounds FH1 and Fs2. Let 
the structure factor of the metal-free protein,  referred 
to H 1 as origin, be 

F = A I + i B  1 = IFi (cos al+i sin al);  

0 

IIF.I exp 2=i (hx +ky ) 

.oH2 / S 

I!FM2 exp 2~i(hx + ky) 

#~ = Z Z  A1 cos 2~r(hx+ ky) 

/ (~// Ull ~ IIC~II 
e'2 - Z £ &  cos 2.,-z(hx + k,v) 

/~1 1̂1 I(~1 / ~ Ooo o 

C'~- ZZ(A1 A2) cos 2~(hx+ ky) 

Fig: 1. 
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a similar expression would refer to the metal-free 
protein with H~ as origin. We now wish to find the 
vector H~s , defined by 

9~12 = X2- -X l ,  VI2 ~--- Y s - - Y l ,  Wl2 = Zs--Zl  • 

The structure factor of H z and H s are referred to as 
fz and f~. 

[Fgl[~= (A~+fz)S+B~ = A~+2Azf~+f~+B ~, (1) 

I F I  ~ 2 ,_ = A i + B i .  (2) 

Subtracting (2) from (1), we obtain 

A~ = {IFE~JS-IFJS-f~}/2f~; (3) 
similarly 

As = {[FB212-JFI s-f~}/2f2. (4) 

We now calculate a Fourier series with the products 
(AzAs)hk z as coefficients. For reasons to be explained 
below, the result is a correlation function which will 
be called C' and which shows prominent peaks at  
± (u, v, w)z2, thus giving us the vector His: 

1 
C'(u, v, w) = ~ Zh_~ Z (A1A2)hk ~ cos 2~(hu+kv+lw). 

k l (5) 
Alternatively a Fourier series may be calculated 

using the products [(]FR, I s -  IFJ s) (IFH~I ~.- [FJS)]~t as 
coefficients : 

1 I s -  C(u, v, w) = ~ Z Z ~  [ ( I F H l h  k [FlS)(IFHsls--IFlS)]hk~ 
x cos 2~(hu+kv+lw). (6) 

In the particular case of the structures illustrated in 
Fig. 1 the result of (6) is almost identical with tha t  
of (5), at least as far as the prominent peaks at  
-a- U W)I 2 are _~ ( , v, concerned. 

The origin of the vector peaks in these correlation 
functions will now be explained with the help of dia- 
grams. Take first the function C', and consider the 
structure of the two isomorphous compounds shown 
in Fig. 1 (a) and (b). Suppose now we determine A z 
and A s as defined by equations (3) and (4) and then 
calculate the two Fourier series 

and 

1 
Q l' ab--sin y ~'h .Zk A1 cos 2z(hx+ky),  (7)* 

1 
Q2' ab--sin y Zh "~'k A2 cos 2~(hx+ky). (8) 

The results would be two electron-density maps, 
each showing the real structure together with its 
inversion image at the position of the heavy atom as 
centre of symmetry  (Fig. l(c) and (d)). Suppose Q~ 
and g~ are now added together, as is done graphically 

* Equa t i ons  (7), (8), (9), (10) and (15) are wr i t t en  in the  
form of two-dimensional  series to correspond wi th  the  projec-  
t ions shown in the  figures. 
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in Fig. l(e), then the resulting density map will 
contain two sets of peaks separated by the vector 
Hzs. In order to find this vector, the author first 
thought of calculating a Patterson of (Qx+~2), i.e. 
calculating a Fourier series with (AI+Ag) 2 as coef- 
ficients. However, among the three elements con- 
tained in such a series, i.e. A2+2A1A2+A~, the terms 
A 2 and A22 merely represent the seff-Pattersons of Q~ 
and Qs, and are of no interest. The important  terms 
are those containing the product AzA~. A Fourier 
series calculated with these products as coefficients 
gives the correlation function 

C'(u, v) = absin y II ei(xY)e~(x+u' y+v)dxdy,  (9) 

which is represented diagrammatically in Fig. l ( f ) .  
This contains all possible vectors between peaks 
marked I and I I  in Fig. 1 (e), but none of them occurs 
more than twice, with the only exception of the vector 
His, which occurs three times, i.e. once for each of the 
three protein peaks P. I t  is obvious from this figure 
that  if the protein contained n electron-density peaks 
P, the vector Hz~. would recur n times. 

Though the terms involved in the function C at first 
sight look quite different from those in C', the argu- 
ments relating to the two functions are similar. Con- 
sider again the structure of Fig. 1 (a) and (b), and sup- 
pose we now calculate two difference Pattersons called 
//i a n d / / 2 ,  with (JFH1]2--[FI2) and (IFItsJ2-[FJ 2) as 
coefficients. Such Pattersons contain vector peaks HH 
due to interaction between the heavy atoms, in ad- 
dition to those marked HP, due to interaction be- 
tween the heavy atoms and the protein. In the present 
case the peak HH coincides with the origin, and all 
non-origin peaks are of the type HP. Thus / / z  and 1/2 
form a pair of maps (Fig. 2(a) and (b)) differing from 

U~--ZZ(~-F ~) ¢o, Z~ (hx+ ky) 

( Ib)~ ~11 I100211~/11 / 
~ z z ( ~  -F ~) ¢o~ Z~ (h~ +ky) 

/ 1 ~  II $ 

I 

rq+u2 

, ,  :o o ? 

::7/ ,, g o og 

c - z z  [ (~-FS)(r~;rS) ]cos 2,~ ( h,, + kr ) 

Fig. 2. 

~l and ~'2 only in the appearance of peaks at the origin. 
Suppose Hi  a n d / / 2  are now added together, then the 
vector Hze again appears once for each of the three 
protein peaks P (Fig. 2(c)). In analogy with equation 
(9), a Fourier series using [(IFHz[ 2 -  IFIS)([FH~] 2_  IFj2)] 
as coefficients will give a correlation function of the 
form 
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P P  
C(u, v) = ab sin 7 ~I I l (xY) I I~ . (x+u,  y + v)dxdy , (10) 

in which Hie appears as the only prominent peak 
(Fig. 2(d)). 

The function C contains two kinds of peak not 
present in C"  one is a slightIy larger origin peak cor- 
responding to interaction of the origin peaks i n / / 1  
a n d / / ~ ;  the others correspond to interaction between 
the origin peak i n / / 1  and the non-origin peaks in i/e, 
and vice versa. No vector other than Hie occurs more 
than  twice. 

When the vector between the heavy atoms has been 
found by either of the correlation functions C' or C 
the way is open for determining the phase angles 
o~(hkl). We now define co as 

co = -+ 2n(hu n + kv12 + lw12 ) . (11) 

The sign chosen for ~o is arbitrary and decides whether 
the final structure will be a right-handed or left- 
handed enantiomorph. The phase angles of the metal- 
free protein referred to H 1 and H e as origin now work 
out as follows- 

cos al = { IFmle - IF l~ - f~} /2 lF IA ,  (12) 

cos a~. = cos (a l -W)  = cos al  cos w+sin al  sin o~ 

= {IFH=l~-[Fle-f~}/2[F[f~, (13) 

sin a z = {cos ae - cos  a z cos w}/sin ~o . (14) 

This is all the information required to determine a. 
The equations show, however, that  sin a will be in- 
determinate ff co is either 0 or x. 

3. Isomorphous replacement by acent r ic  
constellations of heavy atoms 

If the protein is very large, isomorphous replacement 
by a single heavy atom attached to each protein 
molecule may not produce intensity changes suffi- 
ciently big to determine phase angles, in which case 
it may become necessary to introduce groups of heavy 
atoms into the protein. In other cases the chemistry 
of the protein molecule may be such that  several sites 
have an equal affinity for a given heavy atom. I t  is 
important therefore to consider isomorphous replace- 
ment by non-centrosymmetric constellations of heavy 
atoms. This case is shown diagrammatically in Fig. 
3(a) and (b), where the protein molecule, represented 
by the same three peaks P as before, has attached to 
it two different constellations of heavy atoms Hi 
and H r 

The first step consis,ts in finding the heavy-atom 
positions in each compound separately. This can be 
done with the help of Fourier series using (IF~l e -  IF[ e) 
as coefficients (Fig. 3(c) and (d)) and employing the 
following device for distinguishing between the two 
kinds of vector peak H H  and HP.  Two kinds of crystal 

are prepared of each of the heavy-atom compounds 
H i P  and HiP:  one in which all the protein molecules 
in the crystal have a group of heavy atoms attached 
to it, and another in which only half the protein 

I I  FH, exp 2.~,(hx+ky) I Z  F., exp 2 :%(hx+ky )  

o o o ~o • • 

" - -  " ) ( " o ~  
°o ° . : 

H,=_ZZ(~_F2 )cos2~ (hx+ky )  - r 2 Hj = .  _r(F,~ -FZ)cos 2n (hx +ky )  

OoOO °o o H,,/~ o /  
% ~ • 

"" • ) ( • 

o " . "  . . / . .  • 

=~'7 2 2 2 2 17, + H j C - . _ [ (F,~i-F )( F~-F )]cos 2.,"r ( hx + ky ) 

Fig. 3. 

molecules are combined with that  group, the other 
half, distributed at random through the crystal, 
containing no heavy atoms. Judged by the experience 
gained in the X-ray analysis of organic compounds 
of moderate molecular weight, the possibility of pre- 
paring a series of such crystals of varying heavy-atom 
content might appear remote. In proteins, however, 
this problem presents little difficulty. So long as the 
crystals of P, H i P  and H i P  are strictly isomorphous, 
those of intermediate composition will also be iso- 
morphous. In effect these will be mixed crystals whose 
structure factor will be called .FH/2. Two kinds of 
Fourier series are now calculated, using respectively 
(]FHI2--IFI  2) and  ( IF~/2]2-1FI  2) as coefficients.  The  
resulting contour maps will allow a distinction to be 
made between vector peaks H H  and HP,  for the 
reason that  the height of H H  varies as the square 
of the heavy atom content of the crystal, whereas tha t  
of H P  varies as a linear function of it. When the 
positions of Hi and Hj have thus been found in- 
dividually and relative to some arbitrarily chosen 
origin in each crystal~ the relative positions of H~ 
and Hj may be found from equation (15): 

1 
- -  .~  .~  [ ( IF Hil2-1Fle) ( lF ~ f f  - IFI2) ] C(u, v) ab sin 7 h ~- 

cos 2 ~ ( h u + k v ) .  (15) 

This function gives a contour map containing the 
vectors Hi~' and Hi~ as the only prominent peaks. The 
explanation for the prominent appearance of these 
vectors, and the comparative insignificance of all 
vectors peaks of the type HP,  may be seen with the 
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help of the same kind of argument as was used in 
§ 2 above. Consider again the two difference syntheses 
I/2 and//~,  in Fig. 3(c) and (d). The vectors H P  arise 
from the superposition of three sets of triangles P,  
displaced from each other by the vectors Hii and Hi/. 
If Fig. 3(c) and 3(d) are now superimposed, as in 
Fig. 3(e), the vectors between triangles HiP and HiP  
are seen to occur in sets of three, corresponding to the 
three electron-density peaks P of the protein. Alto- 
gether there are 18 such sets of three parallel vectors, 
corresponding to all the interactions Hi/ and Hji. 
Thus, if the protein contained n electron-density peaks 
P,  any one vector of the type H/; would reccur n 
times. The number of different vectors of other kinds 
is now very large, but  except for accidental coinci- 
dences none of them occurs more than twice; these 
other vectors would therefore be expected to form a 
more or less uniform background for the prominent 
vector peaks Hi/. The correlation function (15) con- 
tains all the information on the relative positions of 
H i and H i which the intensities differences between 
the three isomorphous compounds can give. If the 
configuration of the individual constellations H i and 
H i is known, then the interpretation of the correlation 
function should not be difficult. The cross-Patterson 
of the two constellations H i and H i is drawn; this 
consists of a pat tern of vector peaks which is deter- 
mined by the known relative orientation of H / a n d  Hj 
and is independent of their relative positions. A search 
is then made in the correlation function C for this 
pat tern of peaks. The position of this pat tern in rela- 
tion to the origin peak gives all the vectors required. 

The phase angles ~ for the metal-free compound can 
now be determined as follows. First  the structure 
factors [fi[ and ]fi], and the phase angles ~i and ~i, 
of the heavy-atom constellations Hi and H i have  to 
be calculated relative to some arbitrarily selected 
origin. The value of cos c~ and sin a can then be found 
from equations (16) and (17), using either graphical 
or analytical methods: 

cos (a-~vi) = cos a cos ~i+sin c~ sin ~vi 

I.F.,-~+I+'- IFI+~- If+l m 
= 21Fllfi] , (16) 

cos (a-~vi) = cos a cos ~v/+sin ~ sin ~0] 

= IFHJl2--1FI2--If~I~ (17) 
21Fllfil 

The enantiomorphous form of the protein determined 
by the phase angles will depend on the way Hi and H i 
are placed relative to the chosen origin. :No other 
ambiguity arises in the interpretation. 

4. A p p l i c a t i o n  to d i f f e r e n t  c r y s t a l  s y m m e t r i e s  

4.1. Space group P2 
Suppose the unit cells of two of the three iso- 

morphous compounds contain the heavy atoms H z 
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and H~ in general positions xz, Ya, zz; ~a, Yz, zz and 
xg., Y2, z2; x~, Y~, zz (Fig. 4(a) and (b)). The x and z 

t 

• oH1 
X gl 

(a) (b)[ 

t 
• • H 2 

+ (c) 

~o~ --- 2 " I  A1 cos 2~(hx+ky) 

°° o o o 

e 

Oo o 

°° o o 

~o;+++ 

(d) 

&;---/IA2 cos 2=(hx+ky) 

C'=- I I  A,t A2 cos 2 xt (hx + ky ) 

Fig. 4. 

co-ordinates of the heavy atoms can be found from 
(JFHI--JFI) 2 syntheses on the b plane, v = Y2-Yz may 
be found by means of either of the two correlation 
functions C or C', but  whereas the results of these 
functions are almost identical in the space group P1, 
they are different in P2. 

Using the expression 

1 
C'(O, v, O)= -b2J['Z'"S~ h . (AaA2)lc°s27ek'v'  (18) 

the vector between the heavy atoms is found from a 
linear section along v through the three-dimensional 
correlation function C'. The linear section is sufficient, 
because A z and A 2 are calculated for the points 
0, yx, 0 and 0, Y2, 0 respectively, i.e. for the centres 
between the heavy atoms as origins {Fig. 4(c) and (d)). 
The vector Vz2 in Fig. 4(e) and (f) therefore represents 
the distance between these two centres, and not the 
vector between the heavy atoms themselves. 

I 

o oHp o o t1( o °o -~ o o ° o 

• o *H__H 0) 
o o ° o o o o o 

o o o o 

[I1 ~£Z(F21-F2)cos 2:z(hx +ky) 

o° o~ ° °  oo,7o_2~ 
oo .Oo % oOLOy I 

t 'c'  o0:O?yo-i 
fl l + f12 

I o o ° ° o o 
o o oHP o 1 

I 
(b) o H___H t 

° o o \ : o  ° ° 4  

]12 ~ Z.Z,(F~2-F2) cos 2z(hx + ky) 

(d) v 

C ~ !I(FH2,-F2)(FH22-F2)cos 2.'~(hx + ky) 

Fig. 5. 
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The correlation funct ion C, on the other hand,  does 
give the  vectors between the heavy atoms themselves,  
as shown in Fig. 5. The positions of the vector peaks 
can be found from one-dimensional sections along v 
at  known co-ordinates u and w: 

1 
C(u, v, w) = ~ ~ ~ Z [(IFmI~-IFI~)(IFBJ~-iFI~)] 

h k l 
cos 27r(hu+kv+lw). (19) 

If the uni t  cell contains more than  one heavy  atom 
per asymmetr ic  unit,  then  these atoms are l ikely to 
form non-centrosymmetr ic  constellations, in which 
case their  positions have to be found by the procedure 
outl ined in the preceding section. The relat ive posi- 
tions of the heavy atoms in the two isomorphous crys- 
tal  can be found by a series of one-dimensional sec- 
tions of the form of equation (19). The problems 
arising in the other enant iomorphous space groups in 
the monoclinic system are very similar  to those in P2 
and need not be specially discussed. 

4.2. Space group R3 
The case is similar  to tha t  of the non-centrosym- 

metr ic  constellation in P1, in so far as no centrosym- 
metric projection is available and heavy  atoms placed 
in general positions will necessarily form non-centro- 
symmetr ic  constellations. The procedures which could 
be used to f ind their  positions would be the same as 
those outl ined in § 3 above, except tha t  approximate  
co-ordinates of the heavy  atoms could be obtained 
from projections of the correlation functions on the 
c plane and along the c axis. 

5. A prac t i ca l  t e s t  

At the t ime of writing, exper imental  mater ia l  for a 
practical  test  of the correlation functions described in 
this paper  was not  yet  available.  I t  was decided, 
therefore, to use a hypothet ica l  case adapted as far 
as possible to conditions which might  ac tual ly  be en- 
countered in proteins. This consisted in a t taching two 
pairs of mercury  atoms to haemoglobin at  different 
sites, calculat ing the structure factors of the mercury 
compounds, modifying them by  the addi t ion of random 
exper imenta l  errors of an order of magni tude  rather  
larger t han  would be expected in practice and using 
the inaccurate  intensities of the mercury  compounds 
thus obtained to f ind the vector Hie. The accuracy 
of the phase angles determined by this method was 
also tested. 

The procedure adopted was as follows. Measured 
absolute values of F2(Okl) of horse methaemoglobin  
(space group C2) were used, and each reflexion was 
given an a rb i t ra ry  phase angle chosen at random. The 
choice of random phase angles is not quite satisfactory, 
since the phase angles in a real s tructure are inter- 
related, depending on the height  and dis t r ibut ion of 

the electron-density peaks;  but  without  knowing the 
structure this choice was the best tha t  could be 
adopted. Atoms of atomic number  68 were then  placed 
at the following positions: 

H 1 at Yl = 0, zl = +0-29; Yl = ½, zl = ±0.29;  

H~ at y9 = 0-13, z~ = +0"33; y~ = 0.63, z~ = ± 0 . 3 3 .  

2 ' ~  and F ~  were now calculated for these para- 
"meters. Next  a random exper imenta l  error (r.m.s. 
~F = 10 %) was added to or subtracted from each FH, 
and a set of ' exper imenta l ly  measured '  F ~  values 
was calculated and used to work out A 1 and A e. Of 
a total  of 58 reflexions, 12 had  to be discarded be- 
cause either H~ or H e made too small  a contr ibut ion 
to determine A. This left 46 products A~A e of which 
17 were zero, thus leaving 29 terms in all for the cal- 
culation of C'(v, 0) according to equation (18). The 
plain curve in Fig. 6 shows the result, which takes the 

v assumed 

. . . .  C 1 
C I f ~ .  
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Fig. 6. 

form of a l inear section along v through the projection 
on the a plane. The curve has a dominant  peak close 
to the expected position, the error in v being 0-5 A. 
This is sat isfactory in view of the small  number  of 
terms used and the omission of terms below 6 A spac- 
ing. Many more terms, including 0kl as well as h/c0 
reflexions, could of course have been included in the 
Fourier  series, but  this  would have made the amount  
of labour involved in the test unreasonably large. 

The difference between the values of z 1 and z~ 
(0.04) chosen for this test is very  small. In  conse- 
quence the funct ion C(% w) would be expected to ex- 
hibi t  two peaks HI~ close to the y axis. These would 
overlap sufficiently to produce a peak in a l inear 
section along y. 

The funct ion 

1 
C(v, O) = -b ~ [ ~ "  (IFBlJ~-IFI~) (]FB~[~-JFI2)] cos 2~rkv 

l (20) 
was therefore calculated and is shown as the broken 
curve in Fig. 6. I t  has a peak at the same point  as 
C'(v, 0). 
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Having found H12, it was decided to calculate the 
phases with the given 'experimental' values of [FB~] 9 
and [FB~J 9. This work showed that  the r.m.s, error of 
10% in F~  resulted in an r.m.s, error in the phase 
angles of 30 ° . This seemed large at first sight, but 
closer examination of the individual reflexions showed 
the usual error for medium and strong reflexions to 
be of the order of only 10 °. The r.m.s, error of 30 ° for 
all reflexions arises from a few large errors occurring 
in several very weak reflexions, and from a single 
error of 148 ° in a reflexion where a wrong sign would 
have been given to c~ through misinterpretation of the 
data. Out of a total of 58 reflexions, 10 had real struc- 
ture amplitudes. Of the remaining 48, the phases of 
14 reflexions were left in doubt and one was wrongly 
determined, thus leaving 33, or roughly two thirds of 
the reflexions, correctly measured. To measure the 
remaining third, it would be necessary to prepare a 
fourth member of the isomorphous series, with heavy 
atoms H 3 at positions different from H 1 and H 2. The 
amount of labour involved in such an analysis would 
be very great, but it does offer a feasible method of 
solving the structure of a protein directly. 

I t  is difficult to judge at this early stage whether 
sufficient numbers of different isomorphs can be 
prepared to apply this method, and whether their 
degree of isomorphism will be sufficiently good to 
allow accurate determination of phase angles. On the 
whole, there is good ground for optimism. The mole- 
cules in wet protein crystals are loosely packed and 
have only few points of contact. The interstices be- 
tween them thus contain room even for large heavy- 
metal complexes to be attached without affecting the 
unit-cell dimensions. Recent experience with haemo- 
globin (Dintzis, 1956) and myoglobin (Kendrew et al., 
1956) indicates that  a great rar i ty  of crystalline heavy- 
metal complexes can be prepared. In monoclinic crys- 
tals a good criterion of isomorphism is to be found in 
the reliability factor R (hO1) = Z(I~Fol - I~Fcl)-- ZI ~Fol, 
where I~F[ = IF~[-IFI .  This factor has been found 
to vary greatly in different heavy-metal complexes 
and in different proteins. In some derivatives it is 

0.3 or less, while in others it is much higher, or rises 
with increasing angle 0, even in the absence of any 
changes in unit-cell dimensions; this effect shows that  
the presence of metal complexes may cause slight 
changes in the structure of protein molecules without 
affecting their packing in the crystal lattice. 

For three-dimensional analysis a series of heavy- 
metal derivatives will have to be selected in which 
R(hO1) is sufficiently small to promise accurate results. 
So far, no relationship has been worked out between 
the magnitude of R (hO1) and the accuracy of the phase 
angles of the general reflexions, or between possible 
errors in the phase angles and the resulting errors in 
the electron-density distribution. I t  is hoped that  
further development of the work will clarify these 
problems. 

The development of this work from the germ of an 
idea to a practical method of analysis owes much to 
two suggestions made by Dr F. H. C. Crick and Dr 
W. Cochran. Dr Crick suggested that  I should t ry  the 
product A1A 2 at a time when I was experimenting 
with coefficients of the form (AI+A2) 2, and Dr 
Cochran remarked at a colloquium that  coefficients 
of the form [([FElJ2-1FI~)(IF~21~-fFI2)] would also 
be worth trying. Finally Sir Lawrence Bragg sug- 
gested the trial on a hypothetical case. I am most 
grateful for all this help and for the great interest 
shown in this work by all my colleagues. 
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